Abstract-This paper proposes a risk-based mixed integer quadratically-constrained programming model for the long-term VAr planning problem. Risk aversion is included in the proposed model by means of regret-based optimization to quantify the load shedding risk because of a reactive power deficit. The expected operation and expansion costs of new installed reactive power sources and load shedding risk are jointly minimized. Uncertainty in the active and reactive load demands has been included in the model. An -constraint approach is used to characterize the optimal efficient frontier. Also, discrete tap settings of tap-changing transformers are modeled as a set of mixed integer linear equations which are embedded into an ac optimal convex power flow. Computational results are obtained from a realistic South and South-East Brazilian power system to illustrate the proposed methodology. Finally, conclusions are duly drawn.
NOMENCLATURE
The following notation is used throughout the paper: Indexes h Index of steps of tap-changing transformers. i, j Index of buses of the system. t Index of periods. ω Index of scenarios.
Sets

E
Set of existing shunt reactive power sources. G Set of generation units. 
P D i,t (ω)
Active load demand in bus i, in period t, depending on scenario ω.
Q D i,t (ω)
Reactive load demand in bus i, in period t, depending on scenario ω. π(ω)
Probability of scenario ω. ρ t (ω)
Number of hours in each period t and scenario ω.
First-Stage Variables p q G i , t
Reactive power produced by generation unit in bus i and period t. qsh i,t Reactive power produced by existing reactive power sources in bus i and period t. u + i,t , u − i,t Binary decision variables are equal to 1 if candidate reactive power source is installed in bus i and period t, and 0 otherwise.
Second-Stage Variables d i,t (ω)
Auxiliary variable related with the convex formulation of the AC power flow equations in bus i, in period t and scenario ω. e ij,t (ω), f ij,t (ω)
Variables from quadratic constraints associated with branch ij, in period t and scenario ω. p
Active and reactive power injections in bus i, in period t and scenario ω. p ij,t (ω), q ij,t (ω)
Active and reactive power flow through transmission line ij, in period t and scenario ω. q
Capacitive and inductive reactive power dispatch of new reactive power source installed in bus i, in period t and scenario ω. t N ij , t (ω), t S ij , t (ω) Tap position and tap setting of tapchanging transformer in branch ij, in period t and scenario ω.
Voltage magnitude and angle in bus i, in period t and scenario ω. l
Minimum load shedding computed from the perfect information problem for each period t and scenario ω.
% of load shedding in bus i, in period t and scenario ω.
Functions
Φ(t)
Fixed costs function of candidate reactive power sources in period t. Θ(t, ω) Operating costs function of candidate reactive power source in period t and scenario ω. Γ(t, ω) Difference function between the load shedding costs evaluated at the stochastic and perfect information optimization problems in period t and scenario ω. f (·)
Function of any specified input (·).
I. INTRODUCTION
V
OLTAGE collapse is generally associated with inadequate VAr support in power systems [1] . The limitations on production and transmission of reactive power lead to a deficit of reactive power. The focus of the VAr planning problem has been to determine the sizes and locations of shunt VAr sources and their efficient coordination with existing VAr sources to provide voltage support under normal system operating and contingency conditions [2] . Voltage collapse mostly occurs in heavily stressed power systems. It is usually associated with reactive power demands not being met because of limitations on production and transmission of reactive power. Sufficient reactive power support needs to be provided to maintain the power flow in transmission lines and buses within acceptable limits [3] . Then, VAr planning plays a very important role in improving power system reliability and security. It can be divided into two main parts: i) a planning sub-problem where decisions about the location and size of shunt VAr sources are made, and ii) operation sub-problem where VAr sources are scheduled to optimize system operation [4] .
Planning and operating power systems is subject to a large degree of uncertainty due to the uncertainties in demand, availability of generation units, reliability of power system components, environmental regulation, and weather conditions [5] . Because forecasts can not be made exactly, decision makers use to considers such uncertainty. Uncertainty on the long-term decisions have higher impact in case of a low likelihood scenario realizes. Decision makers should include risk aversion in the decision making process to mitigate those potentially catastrophic scenario. Therefore, risk measure to account for those cases should optimize with total system expansion and operation costs resulting into a multi-objective optimization problem [6] .
Most VAr planning problems have been traditionally solved as deterministic problems through successive linear and quadratic programming [7] , nonlinear programming [8] , [9] , metaheuristic and hybrid techniques considering multiple objectives [10] - [13] . The deterministic problem considering security analysis has also been solved in [1] , [14] . VAr planning problems considering uncertainty have not been widely addressed. In [15] , VAr planning problem has been modeled using a chance constraint programming and solved by Monte Carlo Simulation with genetic algorithms. In [16] a long-term VAr planning problem has been solved considering demand uncertainty and contingency analysis. In [17] a novel approach for long-term reactive power planning using a mixed-integer stochastic convex model is proposed, where the risk of not meeting the load with a certain level of confidence due to a reactive power deficit is represented by chance constraints. In [18] , [19] the VAr planning problem containing multiple objectives (system investment, system operational efficiency, system security, system service quality and voltage deviation of the system) is solved using the -constraint method based firstly on the classical and extended simulated annealing approach.
Previous literature shows that the majority of the current VAr planning problems have been set considering deterministic approaches with a single objective function without taking into account any sources of uncertainty affecting the power system. Ignoring uncertainty produces erroneous or unrealistic solutions, resulting in inadequate VAr support. The solution of optimization problems with only one objective function (generally based on expected cost minimization) is straightforward because the output is a single optimal solution. For example, a non-linear mixed integer VAr planning model is proposed in [16] , where risk analysis and the discretization of transformer tap settings are ignored.
As a consequence, power systems are being operated close to their maximum power transfer capability limits, making the system more vulnerable to voltage instability events.
Recently, new convex AC optimal power flow models have been proposed. In [20] , the transmission network expansion problem is solved by means of conic optimization, in [21] the optimal power flow is solved using semidefinite programming. However, none of these types of convex power flow equation have been used to solve the reactive planning problem yet. Our proposed model extends the AC conic optimization power flow approach [20] for solving the VAr planning problem considering tap changing transformers and stochastic demand.
Robust optimization has been applied in many unit commitment and transmission network expansion problems, but not in VAr planning problems. In [22] two robust optimization models, minimax cost and minimax regret-based are addressed to solve the transmission expansion planning problem, considering load and generation uncertainties. In [23] , the unit commitment problem considering an n − K security criterion problem is solved using bilevel programming, which is solved by transforming the bilevel problem to an equivalent single-level problem. In [24] , a two-stage robust unit commitment model is proposed considering wind output uncertainty, with the objective of providing a robust schedule for the thermal generators in the day-ahead market that minimizes the total cost under the worst wind power output scenario. To overcome the robust optimization conservativeness, [25] proposes a tradeoff between the security-constrained unit commitment cost and the recourse cost requirement related with reserves needs. In [26] , a two-stage adaptive robust unit commitment model considering security constrained and nodal net injection uncertainty is proposed, where Benders' decomposition is used to solve the problem. A minimax regret approach is proposed in [27] for the unit commitment problem solution considering wind power generation uncertainty, where Benders' decomposition is used to solve the problem.
A. Aims and Contributions
In this paper we propose a risk-based methodology to deal with the long-term VAr planning problem under uncertainty. The main contributions of this paper are as follows:
1) The proposed risk-based model for the VAr planning problem consists of a multi-period and multi-objective twostage stochastic mixed integer quadratically-constrained formulation that guarantees optimum global solutions and allows for trade-offs between investment costs and load shedding risk. 2) Instead of using average fixed values for the demands, scenarios are generated to model demand uncertainties in each period along the planning horizon.
3) The proposed problem integrates power system reliability enhancement by means of the min-max regret paradigm, reducing load shedding in the worst scenarios. 4) VAr sources are allocated and reactive power dispatching decisions are carried out while reducing investment costs and load shedding risk with a limited range of possible expansion plans. 5) Tap-changing transformers are important for reactive power/voltage magnitude control. In the proposed VAr planning formulation the modeling of the tap-changing transformers is done via discrete variables for the sake of accuracy and a convex AC power flow model is used.
All this contributes to increasing the accuracy of the formulation while transforming the problem into a mixed integer one. The problem is constructed so that a reliable VAr planning can be achieved. The proposed multi-period planning is simultaneously optimized for the entire time horizon where unknown variables for the whole problem are determined.
The remaining sections are outlined as follows. Section II describes the main characteristics of the proposed decision framework. Section III presents the mathematical formulation of the problem. Section IV depicts the solution approach to solve the problem. Section V the analyzes and discusses results from a case study. Finally conclusions are drawn in Section VI.
II. MODELING FRAMEWORK
A. Risk Modeling
Risk modeling is incorporated in the proposed problem by means of min-max regret optimization [22] , [28] . The regret measures the distance between the load shedding cost of the actual stochastic optimal solution and the load shedding cost considering perfect information, i.e., if the VAr planning problem were solved for a single scenario.
The regret, Γ(t, ω), is formulated in (1).
The first term represents the cost of load shedding in all PQ buses evaluated at the stochastic problem optimal solution, CLS PI (t, ω). The second term represents the minimum cost of load shedding if the VAr planning problem were solved with perfect information (PI), CLS PI (t, ω). Observe that CLS PI (t, ω) is calculated ex-ante in our model.
The maximum regret (2) is used here as a risk measure. It is minimized in the multi-objective VAr planning problem avoiding regrets resulting from making a risky decision. Therefore, the VAr expansions that have serious consequences in any of the considered scenarios will be not be chosen. It evaluates the worst-case regret for all possible load scenarios in each period along the planning horizon. Therefore, the decision maker looks for a solution which will give a level of satisfaction as close as possible to the optimal situation (which can only be known a posteriori), whatever situation occurs in the future.
B. Multi-Objective Model
In a multi-objective optimization models decisions are optimized according to two or more conflicting criteria. In this paper, the proposed multi-objective problem has two conflicting objectives: i) minimization of the current value of the fixed and expected operating costs of new VAr sources installed along the planning horizon, f 1 (·), and ii) minimization of the risk associated with load shedding due to the reactive power deficit associated to demand uncertainty, f 2 (·). Minimizing only the economic objective function (fixed and expected operating costs) can result in large load shedding (degrading the security).
A popular way in the literature of multi-objective optimization is to consider Pareto optimal solutions. In a Pareto solution or non-inferior solution any improvement of one objective function can be achieved only at the expense of degrading the others. The set of solutions composes the trade-off set known as a Pareto efficient frontier.
The multi-objective optimization problem is stated as (3),
where Φ(t) represents the VAr investment costs in period t, Θ(t, ω) represents the operating costs of the VAr sources dispatching decision in period t and scenario ω, and Γ max (t) represents the maximum regret in period t.
C. Load Shedding in an AC Convex Power Flow
Load shedding occurs in emergency conditions when the load can not be met because of a reactive power deficit in any scenario along the planning horizon. One method that considers only one load shedding factor was proposed in [29] . Considering the demand power factor constant, we can associate variable l S i , t (ω) with the forecasted active and reactive loads, P D i,t (ω) and Q D i,t (ω), respectively, as follows:
where l S i , t (ω) is expressed in %, if l S i , t (ω) = 0 there is no load shedding, and if l S i , t (ω) = 1 the total load is shed. In the proposed VAr planning problem the nonlinear equations of the AC active and reactive power flow injections are represented as a set of convex equations. Hence, the formulation presented in [20] is extended to a set of linear and quadratic constraints for the long-term stochastic AC active and reactive power flow injections. With that reformulation, the proposed VAr planning problem becomes a convex quadraticallyconstrained problem that guarantees a global optimal solution.
To guarantee the solvability of the optimization problem when the load can not be met in any scenario along the planning horizon, new variables representing the synchronous compensator reactive power dispatches and load shedding must be inserted at the reformulated convex quadratically-constrained long-term stochastic power balance equations, as follows:
where (7) and (8) are the AC active and reactive power balance equations, 1 respectively. Quadratic equations (9) and (10) come from the reformulation of the nonlinear equations of the AC active and reactive power injections.
D. Tap-Changing Transformers
Regarding the tap-changing transformers, the proposed formulation includes discrete tap-changing transformers. In these devices, the tap is adjusted in the primary or secondary winding by a tap changer mechanism, which is categorized by a regulation range (R ij ) and a set of steps (connection points) along the winding (S ij ). R ij and S ij are known parameters, e.g., ±10%, 32 steps. The proposed discrete formulation is made considering the continuous tap-changing transformer formulation [31] in (12) .
From (12), T min ij = 1 − R ij . We can formulate a expression that computes d j,t (ω) by setting discrete t N ij (ω) as in (13), which is limited by the upper and lower steps (14) .
The mixed integer nonlinear expressions, (13)- (15) , can be reformulated to a set of mixed integer linear equations. Integer variable t N ij (ω) can be described by means of binary variables using a binary expansion [32] , as shown in (16)- (18) .
By replacing (16)- (18) in (13)- (15), a mixed binary nonlinear product is obtained x ij,m ,t (ω)d i,t (ω), which can be reformulated to linear constraints similar to the methodology used [32] by means of big-M approach. We replace this non-linear product by an auxiliary variable, y ij,m ,t (ω), and its linearization is obtained adding constraints (19)- (24) .
III. THE VAR PLANNING MODEL
The proposed VAr planning problem expressed in a compact form is represented as follows:
s.t.:
G(x(t, ω), z(t, ω))
where (25) represents the multi-objective set of functions to be simultaneously minimized represented by (33) and (34) .
Constraint (26) represents the expansion budget stated by (35).
The maximum regret definition (27) , can be replaced by a set of inequalities (36) where the Γ max t is an upper bound of the regret function in any scenario ω.
Equation (28) represents the linear and quadratic equation set of AC active and reactive power balance (7)- (11) equations. Constraints (29) and (30) represent the lower and upper limits of state and control variables (19) - (23), (37)- (42), and (47), respectively. The integer and binary variables in (31) and (32) represent the tap-changing transformers and the decision to install VAr sources, (24) and (43)- (46), respectively.
IV. EPSILON-BASED SOLUTION APPROACH
The -constraint method [33] is, along with the weighting method, one of the two most popular methods for solving multiobjective problems.
As described in [34] , the -constraint method has certain advantages in relation to the weighting method, especially in the presence of integer decision variables, as in our problem.
To build the efficient set, one of the objective functions is optimized using the other objective functions as constraints. The generated constraints limits the value of the other objective functions and they are accordingly updated in each iteration. Hence, for our proposed problem, the -constraint method would minimize the investment and expected operation cost while limiting the risk of having load shedding (48). The load shedding risk bound is updated in each iteration as in (49) All constraints represented by (26)- (32) where
The range of the second objective function, f 2 (Γ max (t, ω)), is divided into L 2 equal intervals using (L 2 − 1) intermediate equidistant grid points. Considering the minimum and maximum values of the range, there is a total (L 2 + 1) grid points for f 2 (·). Hence, (L 2 + 1) optimization subproblems have to be solved where some of these optimization subproblems may have an infeasible solution space, which will be discarded. Practically, the case of infeasibilities is disregarded using the early exit from the nested loops. Note that by solving each optimization problem, a single Pareto optimal solution is obtained. Sequentially, the Pareto efficient frontier is constructed. After obtaining the Pareto optimal solutions by solving the optimization subproblems, the decision maker should choose the best compromise solution according to its specific preference among all Pareto optimal solutions.
V. CASE STUDY
A. Data Specifications
To illustrate the efficient performance of the proposed methodology, numerical results are presented for the real equivalent South and South-East Brazilian Power System Load forecast uncertainty at all PQ buses over the planning horizon is introduced into the problem by means of a Normal distribution function, N (μ t , σ t ), (with an average value, μ and a standard deviation, σ) for every time period t ∈ T . Monte Carlo simulation is used to generate load scenarios with known probability π(ω) for each year. To better capture the tails of the normal distribution (generally associated with the risk scenarios), a Latin Hypercube sampling technique [36] is used. The additional following considerations have been made: 1) The planning horizon is four years divided into periods of one year for each t. Each period has 52 load scenarios, and each scenario corresponds to a weekday sample, with same probability and 15% of standard deviation. 2) A 7% annual interest rate is utilized to calculate the present value of the investment throughout the planning horizon [16] . 3) All buses are considered as candidate buses to install continuous reactive power sources. 4) Load scenarios in each stage are generated assuming 3% annual expected load growth rate. Table I presents the fixed and operating costs data for the new capacitive and inductive reactive power source candidates to be installed. The investment budget is limited to the fixed cost of each reactive power source, the expansion planning costs containing the fixed plus the operating costs.
B. Results
The proposed methodology has been carried out using the optimization solver CPLEX 12.6 [37] in AMPL [38] , in a Dell PowerEdge R910x64, 128 GB of RAM and 1.87 GHz. The average computational time required to achieve the optimal solutions for all the simulations has been 128.18 min. Table II lists the expansion cost for installing new reactive capacitive power sources, the load shed, the risk measure, and the corresponding RPP attained from solving the risk neutral and risk averse problems for different expansion budgets.
We can see that the risk averse solutions propose higher expansion costs and lower risk levels compared with the risk neutral solutions. Regarding the expansion costs increments represent 11.25%, 11.23%, 7.92% and 6.28% for investment budgets of US$20 million, US$40 million, US$60 million and US$80 million, respectively. For budgets ranging from US$100 million to US$400 million, the expansion costs are the same. Regarding the risk levels costs reductions represent 59.51%, 43.29%, On the other hand, the small differences in the load not served costs are due to the fact that the risk neutral and risk averse VAr planning problems are not identical. Table III provides information about the risk and expansion cost tradeoff for $80 and $100 expansion budgets. We can see that, for each risk level (RL 1,s ), total load shedding (P , Q) and expansion costs for the newly allocated reactive power sources are obtained. The expansion plan is shown for each period and the buses where reactive power sources are installed. This is very important for the transmission system planner because it provides relevant information on the trade-off between risk mitigation and incurred expansion costs in each expansion plan. These data correspond to the efficient frontier and they are helpful for selecting an appropriate expansion plan. The efficient frontier is composed of a few points because of the discrete nature of the problem. For example, if the transmission expansion planner is interested in a strictly risk-averse position (minimum load not served), (RL 1,0 = $3.92 × 10
3 ) the maximum reactive capacitive power sources are installed in periods 1 and 2, resulting in the highest reactive expansion costs. In contrast, lower reactive expansion planning costs, result in higher load not served (RL 1,5 = $14.32 × 10
3 ). Fig. 1 plots the expected load shed in % for $100 million budget expansion in each period for the tradeoff risk levels. We can see as in each period the expected load shed is minimized from higher to lower risk. For example Fig. 1(a) shows that the maximum expected load shed is 13.16% in PQ-bus 965 for a risk of $14.32 × 10 3 in stage T = 1. This implies expansion costs (fixed + operating) of $18.86 million for installing a newly reactive source in bus 840 in stage T = 1. Figs. 1(b) , 1(c) and 1(d) show that PQ-bus 965 is subject to a greater expected load shed for a higher risk and other PQ-buses appear in the next stages because of demand growth where the load is shed as well. Fig. 2 shows the box-plot for the reactive power dispatches in each stage of the newly installed reactive power source for a minimum regret (RL 1,0 = $3.92 × 10
3 ) and $100 million expansion budget. The box-plot provides basic information about a distribution, the 25th and 75th quartiles are represented for the lower and upper corners respectively, the median value is represented by the horizontal line in the box, the square point in the box represents the mean value, the minimum and maximum values and the atypical values are shown as well. Fig. 2(a) shows In the proposed methodology the solutions for the tap settings of ULTC transformers are integer values representing the positions in the windings transformer. The solutions for the 18 ULTCs in 4 periods and 52 scenarios per period are difficult to show in the present format, therefore, the tap positions with their corresponding tap setting solutions for the risk-averse RPP problem for each period for the minimum, average and maximum demand scenarios are shown for each column of Table IV . 
C. Out-of-Sample Analysis
We have performed a Monte Carlo simulation in order to check the reliability of the solutions for three approaches. The first approach is a risk-neutral model, i.e., we solve the proposed model considering objective f 1 (·). The second and third approaches are highly risk-averse and medium risk-averse, respectively. For the second approach, we solve the proposed model considering the risk term only, f 2 (·). Finally, the third approach, minimizes the equally-weighted sum of objective functions f 1 (·) and f 2 (·).
After running each approach, we have generated 500 demand scenarios assuming a Gaussian distribution. The optimal operation for the given VAr capacity expansion obtained from the risk-neutral solution is calculated for each generated scenario. Therefore, equations (25)- (32) , are solved in the second stage for each load demand scenario. The resulting distribution functions for the active power load shedding in the risk-neutral, highly risk-averse and medium risk-averse cases are represented in Fig. 4 .
For the highly risk-averse and medium risk-averse cases, the expected active load shedding represents reductions of 29% and 16%, respectively from the risk-neutral case. However, in the worst scenarios, these reductions in the active load shedding lead to a decrease from 1.3 p.u. to 0.85 p.u., representing a reduction of 34.61% for the highly risk-averse case, and from 1.3 p.u to 1 p.u., representing a reduction of 23.10% for the medium riskaverse case. Note that by means of the min-max regret paradigm, power system reliability can be improved, reducing the expected load shedding and the load shedding in the worst-case scenarios.
VI. CONCLUSION
In this paper we have solved a reactive power planning problem using a robust multi-objective mixed-integer convex formulation. The transmission expansion planner can make reasonable decisions based on robust solutions by means of a min-max regret paradigm in each expansion plan along the planning horizon. An -constraint method have been proposed to eficiently find the set of the Pareto optimal solutions. The proposed approach does not impose any limitation on the number of objectives, therefore, its extension to include more objectives (e.g. active power loss, active power generation cost, etc.) is a straightforward process.
Results show that the proposed approach is effective and flexible, producing a set of global optimum efficient frontier solutions, which allows more flexibility in the planning process in contrast to single objective methods.
The proposed approach opens several possibilities to formulate the VAr problem considering other sources as discrete reactive power sources with wind generation to analyze their impact. The proposed formulation could be helpful for transmission expansion planners in any situation where reactive power management is needed.
